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We consider the finite temperature Casimir effect of a massive fermionic field confined between 
two parallel plates, with MIT bag boundary conditions on the plates. The background spacetime 
is M^^^ X T' which has q dimensions compactified to a torus. On the compact dimensions, the 
field is assumed to satisfy periodicity boundary conditions with arbitrary phases. Both the high 
temperature and the low temperature expansions of the Casimir free energy and the force are 
derived explicitly. It is found that the Casimir force acting on the plates is always attractive at any 
temperature regardless of the boundary conditions assumed on the compact torus. The asymptotic 
limits of the Casimir force in the small plate separation limit are also obtained. 
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I. INTRODUCTION 



Casimir effect is a manifestation of the zero-point energy of a quantum field [lH3|. Since spacetimes with extra 
dimensions are fundamental in most of the theories of high energy physics, there have been some intensive activities in 
j^ investigating the Casimir effect in spacetime with extra compactified dimensions |4l-|29| . The case of scalar fields with 
Dirichlet or Neumann boundary conditions or more general Robin conditions, and the case of electromagnetic field with 
perfectly conducting or infinitely permeable boundary conditions have been studied at either zero or finite temperature, 
for different extra-dimensional spacetimes such as the Kaluza-Klein spacetime and the Randall-Sundrum spacetime. 
One of the common findings of these works is that on a pair of parallel plates with the same boundary conditions, the 
Casimir force is always attractive at any temperature. For fermionic fields, so far only the zero temperature effect has 
*vj ' been investigated in [16l. l2l| - [23| for extra-dimensional spacetimes with toroidal extra dimensions. It was found that for 
^_^ , a massive fermionic field with MIT bag boundary conditions on a pair of parallel plates, the zero temperature Casimir 
l/~j ' force is attractive regardless of the boundary conditions imposed on the compactified dimensions. The temperature 
I — I , correction to the Casimir force of a fermionic field is different from that of a bosonic field. Therefore, it would be 
f^ ■ interesting to investigate whether the Casimir force of a fermionic field would stay attractive at any temperature. The 
7-H ' purpose of this work is to answer this question. 

T-H . The zero temperature Casimir effect of fermionic fields in (3-|-l)-dimensional Minkowski spacetime has been inves- 

^ ' tigated in |30l - [33 | for the massless case and in [33, [sj for the massive case. The zero temperature effect in Minkowski 
spacetime with arbitrary number of dimensions was discussed in |35l |36[ . The finite temperature correction to the 
fermionic Casimir effect is less considered. For massless fermions in (3-|-l)-dimensional Minkowski spacetime, it was 
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H I discussed in [33, |3^ . In this article, we consider the finite temperature Casimir effect of a massive fermionic field in a 
- - ' spacetime of the form MP"*"^ x T'^, where M^"*"^ is the (p -I- l)-dimensional Minkowski spacetime and T"^ is a compact 
g-dimensional torus. This will cover the massless case by taking the limit to — > 00 and the case of a Minskowki 
spacetime with arbitrary dimensions by setting (7 = or by letting the radii of the torus go to infinity. 
In this paper, we use units with h = c = ks = 1. 

II. THE CASIMIR FREE ENERGY 

As in [22|, we consider a quantum fermionic field ip on a. {D + l)-dimensional spacetime with q compact dimensions 
of the form M^"*"^ x T'^, where M^"*"^ is the {p + l)-dimensional Minkowski spacetime, and T' = {S^)'^ is a 5 torus. 
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The background metric is the flat metric 

D 

ds^ = gf^^dx^'dx" = df - Y^{dx^f. 

Here t — x'~', x^ E M. for j = 0,1, . . . ,p and < a;-' < Lj ioi j = p+ 1, . . . ,D. The field ip has Nd components, where 

Njj is given by 2^j~ if D is odd and 2~ if I? is even. On the compact dimensions, the field ip is assumed to satisfy 
the general periodicity conditions 

i;{t,x + Ljej) = e^''"'^il^{t,x), (1) 

where x = {x^ , . . . , x^), Bj is the unit vector in the x^ direction, and < a^ < l,j—p+l,...,D, are the constant 
phases. The cases aj — for all j = p + 1, . . . ,D, and Uj = 1/2 for all j = p + 1, . . . ,D, correspond respectively to 
untwisted and twisted fields. 

In this paper, we consider the finite temperature Casimir effect of the fermionic field ip when it is confined between 
two parallel plates placed at x^ = and x^ — a. The equation of motion of the field ip is the Dirac equation: 

ijf'df.i; -rmp = 0. (2) 

On the plates x^ = and x^ — a, the field tp satisfies the MIT bag boundary conditions: 

(l+*7'^n^)^Li.Oa„d.i=a^ = 0. (3) 

Here 7^ are the Dirac matrices, and n^ is a unit outward normal vector to the boundaries. 
As in [22|, using the chiral representation of the Dirac matrices: 

with (Tjal' + ai(T^ = 26 ji, the positive- frequency and the negative- frequency solutions of the Dirac equation can be 
written respectively as 

V.(+) = e-- ( . + J^^^. „ \ and ^(-) = e^^ f*" ' ^^^^//^ + ™)) . (4) 

Here <j — (cr^, . . . , u^), the spinors ^r-^' and ^p^^> are given by 

^W = (^f.^^e^'^i-^ +^L^)e-'^i-') exp [±^k,x\ , (5) 

D 

and uj = > fc ■ + m . The boundary conditions on the compact dimensions ([1]) imply that 



2T:{nj + aj) 



^j = — T ioij^p+l,...,D, 



^3 



where rij are integers. On the uncompactified directions x^, . . . , a;^, there are no boundary conditions and hence 
k2, ■ ■ ■ ,kp eR. The boundary condition ^ on the plate located at a;^ = implies that 

(±) 'm{uj + m) + kj T kiaia-j ■ k\i , 

v+ = 7 ., X. , — r ^- ' ^' 

[m — iki)[uj + m) 



whereas the boundary conditions on the plate located at x^ = a implies 

f m) + kf^ fciCTiO 
(rn + iki)(u) + m) 



J±) _ _ ^(^ + rn) + klT haiCT+ ■ fc|| ^_,,fc^,^(±) , . 



Here (T\\ = (a2, ■ ■ ■ ,(7d) and fc[| — (^2, . . . , fc/^). Comparing ([6]) and ([7]), we find that in order to have nontrivial 
solutions for ((^^ , "ysL ) and {ip_^ , "y^L ), one requires fci to satisfy a transcendental equation 



F{z) :— msinaz + z cos az — 0. 
Therefore, the eigenfrequencies of the field ip are given by 

p D 



(8) 



\ 



i=2 



^1= E 

j=p+i 



27r{nj + aj) 



n = ("-P+1,- • • ,"d), 



where fci are positive solutions of (|H]), kj € R for j = 2, . . . ,p, and nj,j — p + 1, . . . ,D, are integers. Each of these to 
appears with multiplicity Njj. 

To regularize the Casimir free energy of the parallel plate system, we take the piston approach, where the Casimir 
free energy is given by [39|: 



£;L= lim (Ec.s{a) + Ec.s{Li~a)^Ec.s{Li/r])~Ece^{Li[l-l/r]])). 



(9) 



See Figure [TJ Here £'cas(a) is the Casimir free energy between the parallel plates which are separated by a distance 
a, and 77 is a constant greater than 1. Using Matsubara imaginary time formalism, for a fermionic system in thermal 
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FIG. 1: The piston regularization scheme. 



equilibrium at temperature T, the partition function is given by 

^= f Di^DiPe^p I / dr j d^xc\ , 

where 

% — — — 

is the Dirac Lagrangian density. The time direction t is rotated to the imaginary axis, i.e., 1 1— >■ it, and compactified to 
a circle of radius j3 = \/T. The field if) satisfies the antiperiodic boundary conditions on the imaginary time direction: 

■0(2;, T + j3) = —il^{x, t). 

The finite temperature Casimir free energy is then given by 

^Ca. = -^lnir = -Tin iT. 



Using zeta function techniques [39|-|41|, we have 

^Cas = |(CT(0) + [logAi']CT(0)), (10) 

where /i is a normahzation constant with the dimension of mass, and Ct{s) is the zeta function 

ct(.)= e fii-'+^fy'- 

u cigcnfrcquencics ^ — — oo 

Here £,i =2tt il + -\T are the Matsubara frequencies. For the Casimir free energy between the parallel plates which 
are separated by a distance a, 






where A is the area of the plates and m^ ; — -^^ + C;^ + ^'^^ ■ I^ order to perform the summation over fci , which are 
positive solutions of the equation F{z) — 0, we need to use the generalized Abel-Plana summation formula, which 
states that [2J,|42,|43: If fo{z), f+{z) and f-{z) are functions such that 



then 



lim / {u{x±iY)-f±(x±iY)]dx^{), hm / {h{X ±iy) ~ f^{X ±iy)]dv = Q, (11) 



E wo{z)Res^fo{z) - E ^+{z)^es^f+{z) - E w-{z)ResJ-{z) 

Re z>0 Re z>0 Re 2>0 

Im z>0 Im 2<0 



= - ^ f[h{^y) - f+{^y)}dy - ^ p[h{~iy) - I-{~iy)}dy - ^ ^ [f+{^) - f-{x)] 

Here wo(z),ii;i(z) and W2{z) are weight functions defined by 

{ I 1, if Re z > and Im z > 0, 

' ', u;+(z) = <^ 1/2, if Rez = 0orlmz = 0, , 

^/2' ^^ ^°" = ° [l/4, if z = 0. 



(12) 



and w^[z) — w+(z). Notice that 



^, , z — im ,-„^ z + im _,„^ 
F(z) = e"""" H e *"'^. 



Taking 



AiVDr(s~^) -^ V^ / 2 , 2 \-s + ^ ^ 1 r^^ ^ 



2p-%^r(s) ;^^ 



^(-)= -:r_^;;:^' i: !:(--+"■■.■)-"- Is , 



we find that the conditions pT|) are satisfied. Since the poles of /o(z) are the zeros of the function F{z), and the 
function f+{z) (resp. f-{z)) does not have poles on the upper (resp. lower) half plane, the left hand side of (fT^ gives 

. I N , 1 ^47Vz5r(s-£|i) ^ ,^ -2S+P-1 ,-,o> 



where the second term comes from the pole of fo{z) at z = 0. This term is independent of a. On the other hand, 



T i (mnj ~y^) ' ' , y < rrin.i 



T«(y -"!„;) - e+ >> ^ ), 



y > run^i 



2P % 2 r(s) ,^_o„„gz, v 2; +"'- 

Therefore, the right hand side of (fT2|) gives 

2P % 2 r(s) ,=„oonez<J-^" Va; +m 



(14) 



Notice that the second term depends on a hnearly. From p3|) and ([T4l) . one finds that 

and ^ ^ r , o . .-s+E^ d 



Here Ct;o(s) and Ct;i(s) do not depend on a. From this, we have 
CT(0;a)=CT;o(0)+aCT;i(0), 



and thus 



i^Ca.(a) ^ ^0 + a^. - 2..^WH±i) ,^ 5„ I„ / (^ - ™-') '^ V + ^T7^^ V ''' 



2 y i=-ooTieZ9 '"".' 



where £9 and fi are independent of a. After regularization using the piston scheme ([9]), the terms £q and £1 are 
canceled, and we find that the Casimir free energy between the parallel plates is given by 

„ ^ ATNn y y r yty^-^l^'^lnfl+y^^e-'Ady. (15) 



2 y i=~oonezi 



Since m„_/ > ?7i, the Casimir free energy is always negative. The expression psp also shows that in the high 
temperature (i.e., aT 3> 1) limit, the Casimir free energy is dominated by the terms with Matsubara frequency zero, 
i.e., the term 






^I^ V- r..(..^-^.^^^^J^^y^^.-^ay 



6^^klY E / .(.-O-mh.^e- .„ (16) 



2P-i^-^r(H^)„t^,J™„ V y + rn 

2 \2 , 2 

which is linear in T. This term is called the classical term since it is independent of the Planck constant h. 

To study the low temperature (i.e., aT <C 1) behavior, we need an alternative expression for the Casimir free energy 
which we derive in Appendix [Xj We find that 

4a.=4a^=°+AT4as, 



II T^O 

where E^^^ is the zero temperature Casimir energy given by 

and Ayi^cas is the temperature correction given by 

II AA^D v^ v^/ ixij a /2m„T\^~ f lmn\ 
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i^r^^P^?^!-'!----^!^^ <-• 



1 ^ (^JWW+KY K, 



iVy^ + 


w^ 


T 


Vfc? + 


"4 



^ fel>0:F(fei)=0 \ / \ / J 

In the case to„ = 0, which happens if and only if the field is massless and untwisted, and n = 0, the term 

p+i 
2to„,T\ ^ I Inir 



I J '^ \ T 

is understood as 

Therefore, for an untwisted massless fermionic field, the temperature correction contains a term of order TP+^. 

III. THE CASIMIR FORCE AND ITS ASYMPTOTIC BEHAVIOR AT SMALL SEPARATION 

The Casimir force acting on the plates induced by the vacuum fluctuation of the field is given by 

II _ 54as 



Cas g^ 



Using P^ . we have 



p-3 



On the other hand, using (|17p and (fT8|) . we find that the Casimir force can be written as a sum of the zero temperature 
term and the temperature correction term, where the zero temperature term is 

and the thermal correction term is 

. . (22) 



-— y 



fc? 2T^/W+^\ ' ^ IVM 



K 



p-2 



^ fci>0:F(fci)=0 m^+k{ \ / \ 



Here we have used 



OF 



9ki -Q^ 

da m 



h 



OH 2TT2- 

z=ki m^+k{ 



which follows from F{ki) = 0. 

Since rrin^i > m, the expression (j20[) shows manifestly that the Casimir force is always attractive (negative) at any 
temperature and for any mass m. 

In the massless case, the integrals in (|20|) and ([21]) can be evaluated explicitly, which gives 



(23) 



2P ^TT^^l M^ ,_ ^^„ „-_i Jm„, 



^-^ E E y~!(~l)'^ ( ~^ ) hjmnn,iKp+2{2jamnd)-Kp{2jamn,i' 






where now m„j = ^A^ + ^'i'^ and 

^ckr° =-^ E E(-l)' f — ) ' (2jaA„7^^ (2jaA„) - if^ (2jaA„)) . (24) 

(1231) and ([M]) are also the leading terms for the finite temperature Casimir force and the zero temperature Casimir 
force when am <^ 1. For the temperature correction, one put directly m = in ()22p and uses ()19p in the untwisted 
case. 

Next, let us consider the small separation limit where am <C 1 and a <C Lj for j ^ p + 1, . . . , D. In this case, we 
replace the summation over n G Z' to integration over n G K', which is equivalent to replacing p in (p3)) by D. We 
find that for the finite temperature Casimir force, 

OO CXD 



^J^- ,„_.,-g:.°^, E IZi-^yf .Mr-&^)^^— * 



ATNoTiD) .^ ._a,^ ,^, , ATNd 



2 / ;=-oo j=i 

OO OO 



^^(l-2--)C.(Z?) + ^^EE(-l)^ (Ij (2.a6/^^(2M0-i^*(2M.; 

(25) 



22-D 2^ 2 p (^— ; "- ^ „ - ;^-^ ^^^ 



This can also be interpreted as the finite temperature Casimir force acting on a pair of parallel plates in (Z? + 1) 
dimensional Minkowski spacetime. In the high temperature (oT 3> 1) limit, we find that 



ATNdT{D) ^,_^^ 



fl - - ... r.-r z. . (1 - 2--)c«(i?). 



2 



In the low temperature {aT <^ 1) limit, (j24p shows that the Casimir force is dominated by 

For the temperature correction, since in the limit to = 0, F{z) = zcosaz, we deduce from (j22p that 



^tfL - - ^r ( iif^ ) (1 - 2-)c.(i. + i)T-+^ - 9iB^ E(-i)' E ^^^^^^^'^ 

Notice that the leading term is of order T^^^ 



TT 2 \ Z J 2 2 a 2 j^^ fc=o ^ ' ^ \^ al 



IV. CONCLUSION 

In this article, we have investigated the finite temperature Casimir efl^ect on a pair of parallel plates in a {D + 1)- 
dimensional spacetime due to the vacuum fluctuations of a massive fermionic field with MIT bag boundary conditions 
on the plates. We assume that q < D oi the dimensions are compactified to a torus and the field assumes general 
periodicity conditions on these compact dimensions. The Casimir free energy is computed using zeta function tech- 
niques and generalized Abel-Plana summation formula. Piston approach is employed to regularize the Casimir free 
energy. Low and high temperature expressions of the Casimir free energy and the Casimir force are derived. The 
asymptotic limits of the Casimir force when the separation between the plates is small are computed. 

The most important result we obtain in this paper is that the force acting on the plates is always attractive at any 
ternperature and for any boundary conditions assumed on the compact dimensions. This extends the result obtained 
in [22| for the zero temperature case. On the other hand, we also observe that this result is the same as the case of 
a scalar field with the same Robin condition on both plates [13, ^M ■ It can be considered as a manifestation of the 
principle that the Casimir force between two bodies with the same property is attractive [44l . |45| . 

Appendix A: Low temperature expansion of the Casimir free energy 

Let f{z) be a function that does not have poles on the positive real axis. Assume that f(z) is such that the functions 
foiz),f+{z) and f^{z) defined by 

Mz) =. /(z)^ In (e- + e—) = ^nf{z) (l -^-J^) , 

/± W = ,/W^ In (e^"^) = T*^/(z), 
satisfy ([TT|) . As in [2J] , one can derive the following formula from p^ : 






E ^es^=,yf{z) - Res^=_^yf{z) ^^ . ^ Res J{z) ^^. y^ Res^/(z) 

g27ry I ^ / ^ Q — 2i7rz _i_ -^ / ^ p2i'nz i ^ 

J/>0 Ro z>0 Rez>0 

Im 2>0 Im z<0 



(Al) 



To derive the low temperature expansion for the Casimir free energy (|15p. keep in mind that ra^ j — m^ + [2Tr{l + 
l/2)r]^ and notice that if / is an even function. 



tf('^^)=^tf('^l 



Let 



f{z;n)=P—l r y {/ -ml- [2nTzf) "-" In f 1 + l^e-'^y ) dy 



y/y^ +m^ + [2itTz] ^ ~m 



9iy,z;n)yPdy, 



so that 



El ^ ^^ EE/f^ + -;-)- (A2) 



Then straightforward computation gives 







'/(x;n)dx=^-i- / f y^y2-mi-x'y-^\n(l + ^e~^^y)dydx 

2 2ttT Jg J^,nl+x^ \ y + m ' 

' ^ ^^ r y (,^ _ ml)^l,, (i + ^e--) dy, 



4V^T r(f) 7,„„^^^ ^' V y + m 
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fitu;n)-fi-tu;n) ^ _ i p p / !^^^_^ ^ ^^ 

1 /-oo n^u--ml / m \.2 2 2N ^ ^ ^^ 



47rT ^-^' \ I J ^ V T 



27riT ^^ Wo 2/' + "^M I / M 



-^ u.. 



On the other hand, all the poles of g{y, z; n) are on the imaginary axis, and they are given by 



z = ±. ' 



-y^i +y^ + ^1., 



2-kT 
where fci are the solutions of F{z) = 0. Therefore, the last two terms in (|Aip are zero, whereas 

Res^=.,y/(z;n) -Res^=_iy/(z;n) 1 v^ /"°° 1 V^'i-V 



-m 



„27ri/ I 1 ~9T ^ 



^0 ^^^^ + 1 '^ ,.>o'ri..X^ exp (a^1^±^) + 1 v/fcFTFT^ 



p-i 



'2^fc,>o^M=o^V^H^ exp(f)+l 



Therefore, 



El^ ^ - -^^ y ryiy'-miy-^ In (l + y—^e-'^y) dy 



oo 






1 f"" m / 2T^y'^ + m^ 



27ri Jo y^ + 'm'^ \ I 



K^ ^' ^ " dy 



Wv' 


'■ + 


m^ 


T 


Wkl 


+ 


"4 



1 ^ 2T^kl+mi y 

v^ ^ I — 'I — j ^n T 
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